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1 Introduction 



This paper is devoted to a description of a family of cosmological-type so- 
lutions in the model with scalar fields and fields of forms that may be also 
considered as generalized 5-brane solutions (see [H, El El H], and references 
therein). 

We deal with a model governed by the action 
3 g = f d D x^\{R\g} - h aP g MN d MV a d N ^ exp[2A a (^)](n 2 } 

(1.1) 

where g = gMN(x)dx M (g> dx is a metric, ip = (<p a ) G M. 1 is a vector of scalar 
fields, (h a p) is a constant symmetric non-degenerate I x I matrix (I e N), 
6 a = ±1, F a = dA a = ^jF^ i Mna dz Ml A ... A dz Mn - is a n a -form (n a > 1), 
A a is a 1-form on R*: X a (cp) = \ aa ip a 1 a G A, a — 1, ... ,1. In (11 .ip we denote 
\g\ = \det(g MN )\, (F a f g = F^ Mna F^ Nn j M ^...g M ^, a e A. Here 
A is some finite set. For pseudo-Euclidean metric of signature (— , +,...,+) 
all 9 a = 1. 



2 Generalized /S-brane solutions 
2.1 Solutions with n Ricci-flat spaces 

Let us consider a family of solutions to field equations corresponding to the 
action (11. ip and depending upon one variable u [3] (see also [Q[7]). 
These solutions are defined on the manifold 

M = (u-,u+) x Mi x M 2 x ... x M n , (2.1) 

where (u-,u+) is an interval belonging to R, and have the following form 

3 = (n[^( M )] M(/s)/ls/(D_2) ) { exp(2c% + 2c°)wdu ® + (2.2) 

n 

i=i ses 

exp(^) = ( J] ^ sXsA - J exp(c a u + e°), (2.3) 
2 



a — 1, . . . , I; a G A. 

In io = ±1, ^ = gi n . n ,{y i )dy^ i ® c^ n,; is a Ricci-flat metric on M i; 
z = l,...,n, 

j'e/ 

is the indicator of z belonging to J: 5jj = 1 for i G I and 5jj = otherwise. 
The p-brane set S is by definition 

S = S e U S m , 5, = U aeA {a} x {v} x fi B)t „ (2.6) 

v — e,m and f2 ae ,f2 ajm C fi, where Q = Q(n) is the set of all non-empty 
subsets of {1, . . . ,n}. Here and in what follows U means the union of non- 
intersecting sets. Any p-brane index s G S has the form 

s = (a„v B , I 8 ), (2.7) 

where a s G A is colour index, v s — e, m is electro-magnetic index and the 
set I s G Q as ,v s describes the location of p-brane worldvolume. 

The sets S e and S m define electric and magnetic p-branes, correspond- 
ingly. In (JZ2D 

X. = +l,-l (2.8) 
for s G S e , S m , respectively. In (12 .4p forms 

T s = Qsf s - 2 duAr(Is), (2.9) 

s G S e , correspond to electric p-branes and forms 

T s = Qsr(I s ), (2.10) 

s G S m , correspond to magnetic p-branes; Q s ^ 0, s G S. Here and in what 
follows 

I = I \I, / = {l,...,n}. (2.11) 

All manifolds Mj are assumed to be oriented and connected and the vol- 
ume dj-forms 

n = V¥W\ dy}A...Adyf% (2.12) 
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and parameters 



e{i) = sign(det (g*)) = ±1 



(2.13) 



are well-defined for all % = 1, . . . , n. Here di = dimMj, i = 1, . . . , n; D = 
1 + Yui=i di- For any set / = . . . , ik} G 0, i\ < . . . < i^, we denote 

7-(I)=T il A...An Jk , (2-14) 
d(I) = J2di, (2.15) 

e{I) = e{i x )...e{i k ). (2.16) 

The parameters h s appearing in the solution satisfy the relations 

h. = (B ss )-\ (2.17) 

where 

B S8 , = d(I s n + ^iMM + XsXs ,\ asa \ a »h a ^ (2.18) 



s,s' e S, with {h<*P) = (h a(3 )-\ (In (J23D) A^ s = h^\ as(3 .) 
Here we assume that 

(i) B ss ^0, (2.19) 

for all s & S, and 

(ii) B ss , = 0, (2.20) 

for s s', i.e. canonical (orthogonal) intersection rules are satisfied. 
The moduli functions read 

f s (u) = R s sinh( y/C~,(u - us)), C s > 0, h s e s < 0; (2.21) 

R s sin( v4^(m - us)), C s < 0, h s e s < 0; (2.22) 

i? s cosh( v / C^(w - O), C s > 0, h s e s > 0; (2.23) 

\Q s \\h s \- l '\u - u s ), C s = 0, h s s s < 0, (2.24) 



where R s = \Q s \\h s C s \ 1//2 , C s , u s are constants, s G 5. 
Here 

e s = (-e[g]f-^e(I s )6 as , 

s & S, e[g] = sign(det((7MAr))- More explicitly (I2.25j) reads: e s = e(I s )Q as for 
v s = e and e s = -e[g]e(I s )8 as for v s = m. 



(2.25) 
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Vectors c = (c A ) = (d, c a ) and c = (c A ) obey the following constraints 
d t c l - X sK sa c a = 0, J2 d ^ - XsK sa c a = 0, s G S, (2.26) 



i£l s i£ls 



c° 



3=1 3=1 
n / n \ 2 

ses i=i \i=i / 

Here we identify notations for g l and g l , where g 1 = p*g l is the pullback of 
the metric g % to the manifold M by the canonical projection: pi : M — > Mj, 
z = 1, . . . , n. An analogous agreement will be also kept for volume forms etc. 

Due to (12.91) and (12.101) . the dimension of p-brane worldvolume d(I s ) is 
defined by 

d{I s ) = n as - 1, d(I s ) = D - n as - 1, (2.29) 
for s G S e , S m , respectively. For a p-brane we have p = p s = d(I s ) — 1. 

2.2 Solutions with one curved Einstein space and n— 1 
Ricci-flat spaces 

The cosmological solution with Ricci-flat spaces may be also modified to the 
following case: 

Ric^ 1 ] = fa 1 , 6 ^ 0, Ric[<f] = 0, i > 1, (2.30) 

i.e. the first space (Mi, g 1 ) is Einstein space of non-zero scalar curvature and 
other spaces (Mi,g z ) are Ricci-flat and 

1 i I s , Vs G S, (2.31) 

i.e. all "brane" submanifolds do not contain Mi. 

In this case the exact solution may be obtained by a little modifications 
of the solutions from the previous subsection. The metric reads as follows j5] 

g = (j[[f s (u)] 2d ^ h ^ D - 2 ^ {[/i(u)] Ml/(1_dl) exp(2c 1 M + 2c 1 ) x (2.32) 

n 

x [wefo ® du + AVk 1 ] + ^(n^( u )r 2 " s5l/s ) exp(2c i « + 2cV}. 

i=2 ses 



where 

/i(m) = Rwih{y/Cl(u - mi)), C x > 0, &w > 0; (2.33) 

Rfan(y/\CT\(u - Ux)), Cx < 0, > 0; (2.34) 

Rcosh(^/C 1 '(u - Mi)), Cx > 0, < 0; (2.35) 

\£x(dx - 1)| 1/2 (u - ux), Cx = 0, &w > 0, (2.36) 

Ux and Ci are constants, R= — l)/Cx\ 1 ^ 2 -, and 



Y,C s h s + h aP c a cP + J2d i (c i ) 2 - f J>cA = Ci^y. (2.37) 



Now, vectors c = (c A ) and c = (c A ) satisfy also additional constraints 



ses i=i \i=i 



c 1 = ^ ^ c 1 = d J^- ( 2 - 38 ) 

3=1 3=1 

All other relations from the previous subsection are unchanged. 

Restrictions on p-brane configurations. The solutions presented 
above are valid if two restrictions on the sets of composite p-branes are 
satisfied |6|. These restrictions guarantee the block-diagonal form of the 
energy-momentum tensor and the existence of the sigma-model representa- 
tion (without additional constraints) [5]. 

The first restriction reads 

(Rl) d(I fl J) < d(I) - 2, (2.39) 

for any I, J G fl a ,v, a <E A, v = e,m (here d(I) = d(J)). 
The second restriction is following one 

(R2) rf(/nJ)^0, (2.40) 

for I G Q a ,e and J G Vt a , mi a G A. 

3 Scalar-vacuum solutions 

Here we consider as a special case the scalar-vacuum solutions when all 
charges Q s are zero. 
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3.1 Solution with Ricci-flat spaces 

The scalar vacuum analogue of the solution from subsection 2.1 reads 

n 

g = exp(2c°u + 2^)wdu ® du + J^exp(2c i u + 2c i )g\ (3.1) 

i=l 

<p a = c a u + c a , (3.2) 

a = 1, . . . , I; where c° and c° obey to (I2.27P and 
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i=i \j=i 



A special cases of this Kasner-like solution were considered in [10] (with- 
out scalar fields) and in [TTJ (with one scalar field). 

3.2 Solutions with one Einstein space of non-zero cur- 
vature 

The scalar vacuum analogue of the solution from subsection 2.2 is the fol- 
lowing one 

n 

g = exp(2c 1 M + 2c l )[wdu <g> du + fl{u)g l ] + ^exp(2c*« + 2&)g\ (3.4) 

t=2 



where /i(w) is defined in (I2.33I) - (I2.36I) and 

v 

d,r l I = r7i 

c/i - 1 



/i«0C a c" + ^(c 4 ) 2 - ( 5>c* ) = Ci-^-. (3.5) 



i=l \i=l 



Here c 1 and c 1 obey to linear constraints (I2.38p . 

Special cases of this solution were considered in [10] (without scalar fields) 
and in [TJl El [33] (for one scalar field) . 

4 Minisuperspace-covariant notations 

Here we present for completeness minisuperspace-covariant relations for con- 
straints, that explain the notion of "orthogonal intersection rules". 



Let (see j^E]) 



Gij ^ (fiAB\ _ ( G« 

'--a/3 



(G -> = I o" h" • < G > = o K* I (4 ' i; 



be, corresponingly, a (truncated) target space metric and inverse to it, where 
(see |8]) 

= - did j} G ij = ^ + (4.2) 

and 

W A C A = J2 d ^ ~ Xs\a 3 aC a , (U S A ) = (d t S Us , -XsXa s a), (4.3) 

are co-vectors, s = (a s ,v s ,I s ) G S and (c A ) = (c\c a ). 
In what follows we use a scalar product [9J 

(U, U') = G AB U A U' B , (4.4) 

for U = (U A ), U' = (U' A ) G R N , N = n + I. 

The scalar products for vectors U s were calculated in [9] 

(U S ,U S ') = B SS ,, (4.5) 

where s = (a s ,v s ,I s ), s' = (a s >, v s >, I s >) belong to S and B ss i are defined in 
(I2.18p . Due to relations (I2.20p [/^-vectors are orthogonal, i.e. 

(U s ,U s ') = 0, (4.6) 

for s 7^ s'. 

The linear and quadratic constraints from (I2.26p . (I2.38j) and (I2.37p . re- 
spectively, read in minisuperspace covariant form as follows: 

U s A c A = 0, U s A c A = 0, (4.7) 

s G S, 

U\c A = 0, U\c A = 0, (4.8) 

and 

J^CsK + G AB c A c B = C 1 -^ [ . (4.9) 

ses 1 
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In (HSJ 

U\c A = -c 1 + d iC \ (U\) = (-51 + di, 0), (4.10) 
is a co-vector corresponding to curvature term. It obeys 

(U\U l ) = -i- 1< 0, (U 1 ,U') = (4.11) 
di 

for all sgS. The last relation (14. lip follows from (I2.3ip . 

5 Conclusions 

In this paper we overviewed cosmological-type solutions with composite in- 
tersecting p-branes from [5j [3] obeying to "orthogonal" intersection rules. 
Our approach gives a rather systematic way to derivation of intersection 
rules using the integrability conditions for Toda-like systems [5j[6j[7]. In this 
approach intersection rules have a minisuperspace covariant form, i.e. they 
are formulated in terms of scalar products of brane [/-vectors and are classi- 
fied by Cartan matricies of (semisimple) Lie algebras. The intersection rules 
considered in this paper correspond to the Lie algebra A\ + . . . + A\. Our 
solutions contain as special cases certain classes of S-brane solutions (e.g. 
from [H [21 S]). 
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